Motivated by applications to goodness of fit U-statistic testing, the jackknife empirical likelihood (JEL) for vector U-statistics is justified with two approaches and the Wilks theorems are proved. This generalizes empirical likelihood (EL) for general estimating equations (GEE's) to U-statistics based GEE's. The results are extended to allow for the use of estimated constraints and for the number of constraints to grow with the sample size. It is demonstrated that the JEL can be used to construct EL tests for moment based distribution characteristics (e.g., skewness, coefficient of variation) with less computational burden and more flexibility than the usual EL. This can be done in the U-statistic representation approach and the vector U-statistic approach which were illustrated with several examples including JEL tests for Pearson's correlation, Goodman-Kruskal's Gamma, overdisperson, U-quantiles, variance components, and the simplicial depth function. The JEL tests are asymptotically distribution free. Simulations were run to exhibit power improvement of the JEL tests with incorporation of side information.
Introduction
To construct tests and confidence sets in a nonparametric setting, Owen [12] introduced the empirical likelihood approach. It enjoys many desirable properties and has been extended to various areas of statistics with tremendous accomplishments. In this article, we shall develop the theory for U-statistics based general estimating equations (UGEE's) and apply it to construct JEL tests for several important common cases.
Vector U-statistics are useful and each of many frequently used test statistics can be written as a function of vector U-statistics. UGEE's provide flexible ways to describe parameters and their corresponding statistics. See, for example, Kowalski and Tu [7] , Lee [8] and Serfling [17] . Recently, Jing et al. [6] developed an EL theory for univariate U-statistics by exploiting jackknife pseudo values. The usual EL for a U-statistic of order 2 or higher involves nonlinearality of the probability weights in the defining maximization for the EL. This leads to unavailability of the usual explicit solutions for the weights. The technique of jackknife pseudo values for U-statistics circumvents the nonlinearality. Meanwhile, it correctly estimates the variance, so that Wilks' theorems still hold. See also Yuan et al. [19] . As in the case of EL for time series in Nordman and Lahiri [11] , independence which justifies the definition of EL as a product of probabilities is
JEL for vector U-statistics
In this section, two justifications for JEL for vector U-statistics are given.
Let ( , A ) be a measurable space on which P is a probability measure. Let Z be a random element taking values in a measurable space (Z, S ) with distribution Q under P . Let Z 1 , . . . , Z n be independent and identically distributed (i.i.d.) as Z. Let h : Z m → R be a square integrable function which is argument-symmetric. A U-statistic with kernel h of order m is defined as For brevity, we drop h and write V nj = V nj (h) when there is no ambiguity. Letf = f − E(f ) for integrable f . Obviously h * 1 =h 1 . From (2.1), it follows
where R nj is the remainder given by
Using (2.1) and the orthogonality of U nc (h * c )'s, we can prove the following with the proof given in the Supplement at Peng and Tan [16] .
Lemma 1. The jackknife pseudo values
HOEFFDING DECOMPOSITION APPROACH. From (2.4), it readily follows
This shows that each jackknife pseudo value V nj depends asymptotically on Z j so that V nj 's are approximately independent for large values of n. Another nice property of the jackknife pseudo values is that V nj 's satisfy
Suppose now that there is available side information about Z given by
where g : Z → R r is square-integrable. This is referred to as (r) constraints. In view of E(U n ) = θ and (2.6), we are now justified to introduce the JEL for the U-statistic U n (h) with side information given by (2.7) as follows:
where P n denotes the closed probability simplex in dimension n, that is,
ESTIMATED CONSTRAINTS APPROACH. If we replace the jackknife pseudo valuesṼ nj (h) by mh 1 (Z j ) in (2.8), then the resulting supremum is R n (mh 1 , g), which is the usual well-defined empirical likelihood. Now consider estimating mh 1 (Z j ) byṼ nj (h) and work with the estimated constraints. The resulting supremum is then (2.8). In fact, applications of Theorem 1 with h = Vec(h, g) and h = Vec(mh 1 , g) respectively yield that the JEL R n (h, g) and the EL R n (mh 1 , g) have the same asymptotic distribution.
Let us mention that, using the Hoeffding decompositions for vector U-statistics, the preceding definition of JEL for U-statistics with side information can be extended to the JEL for vector U-statistics. Specifically, let h (k) 
) . The JEL for the vector U-statistic U n (h) is now justified to be defined by
In the below sections, we shall study the asymptotic behaviors of the preceding JEL's.
Two U-statistic approaches
In this section, we give two approaches to constructing JEL tests for moment based distribution characteristics. We shall illustrate the idea using two examples. THE U-STATISTIC REPRESENTATION APPROACH. Let Z = (X, Y ) be a r.v. with finite second moment. Consider testing the null hypothesis that Pearson's correlation coefficient is equal to some specified value ρ 0 . In this case, the constraint for constructing the EL is 
Denote by κ the symmetrized version of ψ. Then (3.1) can further be written as the U-statistic equation E(U n4 (κ)) = 0.
In his Theorem 3.3, Owen [12] gave a method to construct confidence regions for smooth functions of means. While Owen's method requires to solve five equations in this case, our approach only needs to solve one equation, though the jackknife pseudo values must be computed. It appears that our approach has less computational burden than Owen's. In fact, it was pursued in Li et al. [9] that the JEL technique can be used to reduce computational cost of EL. Moreover, as the jackknife technique turns a constraint into an equation of pseudo values, it is convenient to use our approach when there are multiple constraints. See Example 1 for more details.
THE VECTOR U-STATISTIC APPROACH. Consider Goodman and Kruskal's Gamma:
. Associated with it can a vector U-statistic U n2 (h) of order 2 be constructed with the kernel equal to
See Example 2 below for the construction of confidence set for γ . A more general side information than (2.7) is given by
where g : R m → R r is argument-symmetric and square-integrable. Using (3.2)-like identities and symmetrization, we can express sample moment based tests as U-statistics with kernel g in (3.4), see Examples 1 and 4.
The Wilks theorems and examples
In this section, we present the theorems for vector U-statistics and for U-statistics with side information given by a growing number of constraints and several examples. Our first main result generalizes Owen's vector EL and Jing et al. [6] JEL for univariate Ustatistics to vector U-statistics.
Theorem 1. Suppose the variance-covariance matrix Var(mh 1 (Z)) is finite and nonsingular. Then the JEL R n (h) for a r-dimensional vector U-statistic U n (h) defined in (2.9) converges in distribution to the chi-square distribution with r degrees of freedom, that is, −2 log R n (h) ⇒ χ 2 (r).
Often the kernel h depends on a parameter θ ∈ ⊂ R s , h = h(·; θ) ∈ R r . An application of Theorem 1 yields the following result.
Corollary 1. Suppose the variance-covariance matrix
Let τ be a measurable function on . Under the assumptions of Corollary 1 a 100
A special case of Theorem 1 is when side information is given by the usual equation (2.7). This is the JEL R n (h, g) which generalizes (2.8) from a scalar kernel h to a vector kernel h. Recall the definition of the EL ratio R n (h, g). In the presence of side information (2.7), we naturally look at the EL ratio,
). Using Theorem 1, Cochran's theorem and the standard proof for parametric likelihood ratios, one shows the following result.
Corollary 2. Let h be a vector kernel and m be a vector of positive integers, both in
R s . Assume g : Z → R r satisfies (2.7). Suppose Cov(Vec(mh 1 , g
)(Z)) is finite and nonsingular. Then
Hence,
We now study the JEL when the dimension r = r n → ∞ of a constraint function g = g n as n → ∞. With (2.7) as side information, the JEL for U-statistic U n (h) is R n (h, g n ). We would establish under suitable conditions,
. See related work in Chen et al. [3] , Hjort et al. [5] and Peng and Schick [14, 15] . To establish (4.4), introduce λ min (M n ) (λ max (M n )) the smallest (largest) eigenvalue of a r n × r n symmetric matrix M n . Following Peng and Schick [14] , a sequence of r n × r n dispersion matrices M n is regular if
A sequence of vector functions {v n } is Lindeberg if for every > 0,
Useful properties for Lindeberg sequences can be found in Peng and Schick [14, 15] . For matrices A, C and M of compatible dimensions, let
As a special case of Theorem 3 below, the distribution of −2 log R n (h, g n ) is approximately χ 2 (r n + 1) as stated next. This generalizes Theorem 1 from a fixed number of constraints to a growing number.
. Suppose further the sequences r n h 1 and r n g n satisfy (L) such that the sequence of matrices
Then (4.4) holds as both r n and n tend to infinity such that r n = o(n 1/2 ).
We now apply Theorems 1-2 to derive the JEL tests and confidence sets for a number of frequently used moment based distribution characteristics. (1) (z) = x − y. Using the U-STATISTICS REPRE-SENTATION APPROACH given in Section 3, the equality of variances can be expressed by the UGEE E(U n (h (2) )) = 0 with kernel h (2) (3) be the kernel κ given in Section 3 and h = Vec(h (1) , h (2) , h (3) ). Then the test can be formulated by the JEL R n (h) for the vector U-statistic U n4 (h) of order 4. By Corollary 2 and Theorem 1, two JEL tests of asymptotic size α are given by
provided that Cov(h 1 (Z)) is nonsingular. A simulation study was conducted based on this example, see Table 1 .
Example 2. TESTING GOODMAN AND KRUSKAL'S GAMMA. The Gamma induces the vector
is an asymptotic test of size α for testing the null H 0 : θ = θ 0 provided that the matrix W (Var(2h 1 (Z)), C, Var(g(Z))) is nonsingular, where C = E(h 1 (Z) ⊗ g(Z)). Thus the rejection of the null at the α level of significance implies the null γ = γ 0 = (θ 10 − θ 20 )/(θ 10 + θ 20 ) must be rejected at the same level. This example illustrates the VECTOR U-STATISTICS APPROACH given in Section 3. Similarly to the confidence set (4.1) for the JEL ratio R n (θ, g), a 100(1 − α)% confidence set for γ is
Example 3. JOINT CONFIDENCE SETS FOR VARIANCE COMPONENTS. JEL tests for linear mixed effects models, binomial/Poisson overdisperson and inflated Poisson models can be formulated using UGEE's (see, e.g., Kowalski and Tu [7] for the UGEE's of these models). Consider now the balanced one-way random effect model, in which the response Y ij , random effect u i and error ij satisfy
where μ is the mean, ij 's are i.i.d., u i 's are i.i.d., and ij 's and u i 's are independent and have mean zero and finite fourth moments. Let σ 2 = Var( ij ) and σ 2 u = Var(u j ). The commonly used confidence regions for the variances heavily depend on normality assumption of the model. Here we relax normality and use the JEL to give confidence sets. Following Arvesen [2] , put
A ij denotes the average of A ij over j . Clearly X 1 , . . . , X n are i.i.d. Set h = (h (1) , h (2) ) where h (1) ( 
One finds
Hence, the vector U-statistic U n (h) = Vec(U n (h (1) ), U n (h (2) )) is an unbiased estimate of
) is nonsingular then a joint confidence set for θ at the level of 1 − α is given by {θ ∈ R + × R + : −2 log R n (θ) ≤ χ 2 1−α (2)}. A confidence set for ϑ = (σ 2 , σ 2 u ) can be obtained by the transform ϑ 1 = θ 1 , ϑ 2 = θ 2 − θ 1 /J . A confidence set for σ 2 u can be obtained by setting J → ∞.
TESTING THE RANDOM EFFECT. Let ψ = h (2) − J −1 h (1) . Clearly ψ is argument-symmetric, 
)). By Theorem 1, if Var(ψ 1 (X; 0)) is nonsingular then an asymptotic test of size α for the null H
0 : σ 2 u = 0 is 1[−2 log R n (0) > χ 2 1−α (1)].
. , Z m ) ≤ t). The MVUE H nm (t) of H (t) is the U-statistic H nm (t) = U nm (h(; t))
The U-quantiles include the HodgesLehmann median, Gini's mean difference, Theil's slope estimator, and Kendall's tau, corresponding to the U-quantiles with p 0 = 1/2 and the kernels κ(
, and (x 1 − x 2 )(y 1 − y 2 ) respectively. Consider testing the null that the pth U-quantile q is equal to a specified value q 0 for some p 0 , i.e. H 0 : q = q 0 . Assume there is available the side information that the coefficient of variation is constant: σ/μ = c 0 with μ = E(Z) and σ 2 = Var(Z). Using the U-STATISTICS REPRESENTATION APPROACH in Section 3, this can be described by
One has the JEL R n (κ 1 ) for U n2 (κ 1 ). 
This suggests us to using the first r n equations in (4.9) as constraints and construct the JEL for the U-statistic D n (x) with side information as follows:
Assume m ≥ 2 and at least one of the components X 2 , . . . , X m is nondegenerate, i.e. P (X d = c) < 1 for some d ≥ 2 and any constant c. Then by Theorem 2 for fixed D 0 ≥ 0 as r n and n tend to infinity such that r 3 n /n → 0,
The details can be found in the Supplement at Peng and Tan [16] .
Asymptotic behaviors of the JEL with a growing number of estimated constraints
In this section, we shall study the case that the kernel h is known but the constraint g n must be estimated by some measurable functionĝ n . We allow the number of constraints to grow with the sample size. Recall C n , W n in (4.6) and setŴ n = n −1 n j =1ĝ n (Z j ) ⊗2 . Generalizing Theorem 7.4 of Peng and Schick [14] , we have the following result with the proof given in the Supplement at Peng and Tan [16] .
Theorem 3. Suppose r nh1 satisfies (L). Supposeĝ n is an estimator of g n such that
, and that
for some measurable function u n : Z → R r n such that u n dQ = 0 and u n satisfies (L). Assume further the dispersion matrix
Example 6. JOINT CONFIDENCE SETS. Consider constructing a confidence set for θ = (μ, σ 2 u ) in the model (4.7). Let us motivate a U-statistic as test for σ 2 u . Note first that
Then h is a kernel with
Thus an unbiased estimator of σ 2 u based on all the observations is the U-statistic U n2 (h) of order 2.
Normality is usually assumed for both u and . Here we shall relax normality to symmetry of the sums ε i = u i + i· , i = 1, . . . , n about zero and employ the JEL to incorporate the symmetry assumption as side information to improve power. Notice that under this (4.7) is the usual symmetric location model. Let F be the c.d.f. of ε 1 and L 2,0 (F, odd) ⊂ L 2,0 (F ) consisting of the odd functions. Assume F is continuous. Symmetry of ε 1 implies
where a k 's is an orthonormal basis of L 2,0 (F, odd). This also implies that 2F (t) − 1 is an odd function. As L 2,0 (U, odd) has the orthonormal basis
where U is the uniform measure on [−1, 1], the composites ψ k (2F (t) − 1) is a basis of L 2,0 (F, odd). This justifies that we can take a k = ψ k (2F − 1). But F is unknown, we estimate it using ε i = Y i· − μ 0 by the symmetrized empirical c.d.f. F μ 0 (t), where
Again one verifies 2F μ 0 (t) − 1 is odd. This suggests to utilizing the first r n equations in (5.5) as side information to construct the JEL for U-statistic U n2 (h) as follows:
We shall allow r n to grow to infinity with the sample size n such that r 4 n /n tends to zero. If further σ > 0, then by Theorem 3 one has
This shows under the null −2 log R n (μ 0 , σ 2 u0 ) is approximately χ 2 (r n + 1). The details can be found in the Supplement at Peng and Tan [16] . A simulation study based on this example was conducted, see Tables 2 and 3 .
Simulations
In this section, we report some simulation results for the JEL tests for U-statistics with r constraints (UJELr, r = 0, 1, . . . , 5) based on Examples 1 and 6. Two UJEL tests of size 0.05 for testing the null hypothesis H 0 : d =: E(X) − E(Y ) = 0 are as follows: Reported on Table 1 is the simulated power of the tests for sample sizes n = 150, 200, d = 0, 0.10, 0.15 and 2000 repetitions. For comparison, we also simulated the power of the asymptotic normality test (ANT). Here X was generated from the standard exponential, the standard log normal, the standard Poisson, and the binomial with parameters (0.7, 10), while Y was generated the same way as X but with the value of d added to each generated value with the exception of the log normal in which the parameters were adjusted so that E(X) − E(Y ) = d. Our findings are as follows: (i) Relatively larger sample sizes were needed for the significance levels of the UJEL tests to reach the nominal level than the usual EL tests. This might be due to the use of the jackknife technique. Thus for small sample sizes we suggest to perform size adjusted JEL tests. (ii) The power of most UJELr tests was substantially higher than that of ANT, and the power of T 1 was increasing with the number r of constraints. (iii) T 1 was more powerful than T 2 and UJEL2 was the most powerful. Based on Example 6, Tables 2 and 3 Tables 2 and 3 were based on (a) and (b), (c) respectively. We also listed the values of ICC (interclass correlation coefficient) ρ = σ 2 u /(σ 2 u + σ 2 ). One sees that the JEL tests outperformed the F test except for the cases J = 5, n = 15 and σ 2 u = 0.6, 0.8 on Table 2 . The power of the JEL tests was increasing with number r of constraints. For a given sample size, however, the increasing trend may stop as a larger sample is needed to accommodate more constraints. To choose an optimal number r of constraints one can use the bootstrap method. See page 21, Peng and Schick [13] .
Supplementary Material
Supplement to "Jackknife empirical likelihood goodness-of-fit tests for U-statistics based general estimating equations" (DOI: 10.3150/16-BEJ884SUPP; .zip). In this Supplement, we introduce the notation and prove the theorems and provide the details to the examples.
